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Introduction
These slides introduce a useful way to graph functions based on manipulating (or transforming)

the basic form of the graph.

Drop-in Study Sessions: Monday, Wednesday, Thursday, 10am-12pm, Meeting Room 2204,
Second Floor, Social Sciences South Building, every week.

Website: Slides, notes, worksheets.

http://www.studysmarter.uwa.edu.au — Numeracy — Online Resources

Email: geoff.coates@uwa.edu.au

Workshops coming up
Week 8: Friday 26/4 (1-1.45pm): Fixing your maths mistakes
Week 9: Tuesday 30/4 (12-12.45pm): Introduction to calculus
Week 9:  Thursday 2/5 (1-1.45pm): Calculating Limits (1 variable functions)
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Introduction

When we learn to graph functions, there are techniques which we can apply depending on the
type of function.
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When we learn to graph functions, there are techniques which we can apply depending on the
type of function.

Example: To sketch a graph of y = f(x) = —2(—%x +2)2 + 3 we may recognise that the graph
is an inverted parabola written in “turning point” form.
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Example: To sketch a graph of y = f(x) = —2(—%x +2)2 + 3 we may recognise that the graph
is an inverted parabola written in “turning point” form.

The x—value of the turning point is the one which makes —%x 4+ 2 =0. The answer is x = 6.
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Introduction

When we learn to graph functions, there are techniques which we can apply depending on the
type of function.

Example: To sketch a graph of y = f(x) = —2(—%x +2)2 + 3 we may recognise that the graph
is an inverted parabola written in “turning point” form.

The x—value of the turning point is the one which makes —%x 4+ 2 =0. The answer is x = 6.

The y—value of the turning point is then just y = 3.
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Introduction

y="f(x)= —2(—%)( +2)2 + 3, turning point at (6, 3).
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Introduction

y="f(x)= —2(—%)( +2)2 + 3, turning point at (6, 3).

y

The y—intercept is at y = f(0) = —2(2)? + 3 = —5.
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Introduction

y="f(x)= —2(—%x +2)? + 3, turning point at (6, 3).

y

The y—intercept is at y = f(0) = —2(2)? + 3 = —5.

Note: For finer details such as the x—intercepts, more calculations are needed.
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Introduction

There is another useful general technique for graphing functions based on manipulating (or
transforming) the basic form of the graph.
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Introduction

There is another useful general technique for graphing functions based on manipulating (or
transforming) the basic form of the graph.

In this case, the basic form of a parobla is y = f(x) = x?
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Introduction

There is another useful general technique for graphing functions based on manipulating (or
transforming) the basic form of the graph.

In this case, the basic form of a parobla is y = f(x) = x?

-5 -4 -3 -2 -1 1 2 3 4 5 X

Note: | shall use graph paper for a while to make the functions clear.
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Square Root Function

Here is another basic function. Consider the relationship where y is the square root of x.

y=vx
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Square Root Function

Here is another basic function. Consider the relationship where y is the square root of x.

y=vx
y
4
3
2
1
1 2 3 4 5 6 7 8 9 10 11 X

geoff.coates@uwa.edu.au Transformations of functions 7 /31



Square Root Function

Here is another basic function. Consider the relationship where y is the square root of x.

y=vx
y
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1 2 3 4 5 6 7 8 9 10 11 X

Note: the square root function returns the positive root only. Why?
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Square Root Function

Here is another basic function. Consider the relationship where y is the square root of x.

y=vx
y
4
3
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1 2 3 4 5 6 7 8 9 10 11 X

Note: the square root function returns the positive root only. Why?

If it returned the negative root as well, it would not be a function.
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Square Root Function

Here is another basic function. Consider the relationship where y is the square root of x.

y=vx

1 2 3 4 5 6 7 8 9 10 11 X

Note: the square root function returns the positive root only. Why?

If it returned the negative root as well, it would not be a function.

Note: the square root function is half of the y = x? function lying on its side.
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Reciprocal Function

Here is one more basic function. Consider the relationship where the product of x and y is 1.

1
xy:lory:;
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Reciprocal Function

Here is one more basic function. Consider the relationship where the product of x and y is 1.

1
xy:lory:;
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Transformations

There are various ways a basic graph can be transformed. We will start with the easy ones.
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Translations

A translation is a shift, that is picking up the graph and moving it.
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Transformations

There are various ways a basic graph can be transformed. We will start with the easy ones.

Translations

A translation is a shift, that is picking up the graph and moving it.

Vertical Translations

To translate a graph ¢ units upwards (or downwards if c is negative)
we add c onto the entire function.
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Vertical Translations

Example: y = x2+3 is the same shape as y = x? but shifted three units upwards.
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Vertical Translations

Example: y = x2+3 is the same shape as y = x? but shifted three units upwards.

=x2H3
y=x
< N
¢ >
-5 —4 -3 -2 -1 1 2 3 4 5 X
4
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Vertical Translations

Example: y = x2+3 is the same shape as y = x? but shifted three units upwards.

=x?>+3
y=x
< N
¢ >
-5 —4 -3 -2 -1 1 2 3 4 5 X
4
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Vertical Translations

Example: y = \/x—3 is the same shape as y = \/x but shifted three units downwards.

geoff.coates@uwa.edu.au Transformations of functions



Vertical Translations

Example: y = \/x—3 is the same shape as y = \/x but shifted three units downwards.

geoff.coates@uwa.edu.au Transformations of functions 11 /31



Vertical Translations

Example: y = \/x—3 is the same shape as y = \/x but shifted three units downwards.

geoff.coates@uwa.edu.au Transformations of functions 11 /31



Vertical Translations

Example: y = \/x—3 is the same shape as y = \/x but shifted three units downwards.

geoff.coates@uwa.edu.au Transformations of functions 11 /31



Vertical Translations

Example: y = \/x—3 is the same shape as y = \/x but shifted three units downwards.

geoff.coates@uwa.edu.au Transformations of functions 11 /31



Vertical Translations

1 1
Example: y = —+2 is the same shape as y = — but shifted
X X
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Vertical Translations

1 1
Example: y = —+2 is the same shape as y = — but shifted two units upwards.
X X
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Vertical Translations

1 1
Example: y = —+2 is the same shape as y = — but shifted two units upwards.
X X
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Horizontal Translations

For a vertical translation we add a number to the entire function.
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Horizontal Translations

For a vertical translation we add a number to the entire function.

For a horizontal translation we add a number to x before applying the function.
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Horizontal Translations

For a vertical translation we add a number to the entire function.
For a horizontal translation we add a number to x before applying the function.

The effect on the graph is a bit more subtle:
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Horizontal Translations

For a vertical translation we add a number to the entire function.
For a horizontal translation we add a number to x before applying the function.

The effect on the graph is a bit more subtle:

Horizontal Translations

To translate a graph c units to the right, we replace x with x—c in the function.
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Horizontal Translations

For a vertical translation we add a number to the entire function.
For a horizontal translation we add a number to x before applying the function.

The effect on the graph is a bit more subtle:

Horizontal Translations

To translate a graph c units to the right, we replace x with x—c in the function.

To translate a graph c units to the left, we replace x with x+c in the function.
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Horizontal Translations

Example: y = (x—3)? is the same shape as y = x2 but shifted three units to the right.
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Horizontal Translations

Example: y = (x—3)? is the same shape as y = x2 but shifted three units to the right.
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Horizontal Translations

Example: y = (x—3)? is the same shape as y = x2 but shifted three units to the right.
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Horizontal Translations

Example: y = (x—3)? is the same shape as y = x2 but shifted three units to the right.
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Horizontal Translations

Example: y = \/x+4 is the same shape as y = \/x but shifted four units to the left.
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Horizontal Translations

Example: y = \/x+4 is the same shape as y = \/x but shifted four units to the left.

y

~

4

3

2

1

Yy =vXx

< N
< >
-5 —4 -3 —2 -1 1 2 3 4 5 6 X

+
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Horizontal Translations

Example: y = \/x+4 is the same shape as y = \/x but shifted four units to the left.

y
~
4
3
24.
3
Yy =vXx
< >
-5 —4 -3 —2 -1 1 2 3 4 5 6 X
+
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Horizontal Translations

Example: y = \/x+4 is the same shape as y = \/x but shifted four units to the left.

) y=+vx+4 vy =/x
5 -4 -3 —2 —1 1
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Horizontal Translations

Example: y = \/x+4 is the same shape as y = \/x but shifted four units to the left.

1
) y=+vx+4
5 4 —3 2 _1
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Horizontal Translations

1 1
Example: y = 7 is the same shape as y = — but shifted
X X
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Horizontal Translations

1 1
Example: y = 7 is the same shape as y = — but shifted seven units to the left.
X X
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Horizontal Translations

1 1
Example: y = 7 is the same shape as y = — but shifted seven units to the left.
X X

y
5
1
3 y = -
X
2

—-12 -11-10 -9 -8 -7 —6 75ﬁ_\73\kl 1 2 3 4 5 X
—1
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Horizontal Translations

1 1
Example: y = 7 is the same shape as y = — but shifted seven units to the left.
X X

y
| 5
I
\ A
| 4
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I
I
I
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Horizontal Translations

1 1
Example: y = 7 is the same shape as y = — but shifted seven units to the left.
X X
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Translations can be combined

Example: y = (x—3)? — 5 is the same shape as y = x? but shifted
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Translations can be combined

Example: y = (x—3)? — 5 is the same shape as y = x? but shifted three units to the right and
five units down.

-5 —4 -3 -2 -1 1 2 3 4 5 6 7 g X
—1
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Translations can be combined

Example: y = (x—3)? — 5 is the same shape as y = x? but shifted three units to the right and
five units down.

¢ N
< >
-5 —4 —3 —2 —1

-1

y=(x=3)-5
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Translations can be combined

Example: y = (x—3)? — 5 is the same shape as y = x? but shifted three units to the right and
five units down.

-5 —4 —3 —2 —1
-1
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Translations can be combined

Example: y = /x+3 — 2 is the same shape as y = y/x but shifted
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Example: y = \/x-+3 — 2 is the same shape as y = \/x but shifted three units to the left and
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Translations can be combined

Example: y = \/x+3 — 2 is the same shape as y = \/x but shifted three units to the left and two
units down.
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Translations can be combined

Example: y = \/x-+3 — 2 is the same shape as y = \/x but shifted three units to the left and two
units down.

3 y =X

-4 -3 -2 -1 1 2 3 4 5 6 7 g X
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Translations can be combined

Example: y = \/x+3 — 2 is the same shape as y = \/x but shifted three units to the left and two

units down.
y
4/\
3 =
2
L y=+vx+3-2
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Translations can be combined

Example: y = \/x+3 — 2 is the same shape as y = \/x but shifted three units to the left and two
units down.

3 Yy =X
y=+vx+3-2
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Translations can be combined

1 1
Example: y = % + 3 is the same shape as y = — but shifted
X— X
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Translations can be combined

1 1
Example: y = o + 3 is the same shape as y = — but shifted six units to the right and
X— X
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1 1
Example: y = P + 3 is the same shape as y = — but shifted six units to the right and three
X— X

units up.
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X— X

units up.
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Dilations

A dilation is a stretch, as if somebody has taken each point and stretched it.
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Dilations

A dilation is a stretch, as if somebody has taken each point and stretched it.

Compare the graph of y = x? with the graph of y = 2x2.
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Dilations

A dilation is a stretch, as if somebody has taken each point and stretched it.
Compare the graph of y = x? with the graph of y = 2x2.
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Dilations

A dilation is a stretch, as if somebody has taken each point and stretched it.

Compare the graph of y = x? with the graph of y = 2x2.

y

= 2x2

—5 —4 -3 —2 -1

To produce y = 2x2, each point on y = x2 has had its height doubled.
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Dilations

A dilation is a stretch, as if somebody has taken each point and stretched it.

Compare the graph of y = x? with the graph of y = 2x2.

y

= 2x2

—5 —4 -3 —2 —1

To produce y = 2x2, each point on y = x2 has had its height doubled.

We say that y = x? has been vertically dilated by a factor of two.
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Dilations

Vertical dilations

To dilate a function vertically by a factor of a, we multiply the whole function by a.
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Dilations

Vertical dilations

To dilate a function vertically by a factor of a, we multiply the whole function by a.

Example: The graph of y = 4x? is the graph of y = x? vertically dilated by a factor of 4.
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Dilations

Vertical dilations

To dilate a function vertically by a factor of a, we multiply the whole function by a.

Example: The graph of y = 4x? is the graph of y = x? vertically dilated by a factor of 4.

1
Example: The graph of y = g\/)? is the graph of y = \/x vertically dilated by a factor of
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Dilations

Vertical dilations

To dilate a function vertically by a factor of a, we multiply the whole function by a.

Example: The graph of y = 4x? is the graph of y = x? vertically dilated by a factor of 4.

1 1
Example: The graph of y = g\/)? is the graph of y = \/x vertically dilated by a factor of 5
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Dilations

Vertical dilations

To dilate a function vertically by a factor of a, we multiply the whole function by a.

Example: The graph of y = 4x? is the graph of y = x? vertically dilated by a factor of 4.

1 1
Example: The graph of y = g\/)? is the graph of y = \/x vertically dilated by a factor of 5

3 1
Example: The graph of y = — is the graph of y = — vertically dilated by a factor of
X X
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Dilations

Vertical dilations

To dilate a function vertically by a factor of a, we multiply the whole function by a.

Example: The graph of y = 4x? is the graph of y = x? vertically dilated by a factor of 4.

1 1
Example: The graph of y = g\/)? is the graph of y = \/x vertically dilated by a factor of 5

3 1
Example: The graph of y = — is the graph of y = — vertically dilated by a factor of 3.
X X
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Horizontal Dilations

For a vertical dilation we multiply the function by a number.
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Horizontal Dilations

For a vertical dilation we multiply the function by a number.

For a horizontal dilation we we multiply x by a number before applying the function.
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For a vertical dilation we multiply the function by a number.
For a horizontal dilation we we multiply x by a number before applying the function.

The effect on the graph is even more subtle:
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Horizontal Dilations

For a vertical dilation we multiply the function by a number.
For a horizontal dilation we we multiply x by a number before applying the function.

The effect on the graph is even more subtle:

Horizontal Dilations

1
To dilate a function horizontally by a factor of —, we multiply x by a.
a
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Horizontal Dilations

To find the graph of y = (2)()2 we horizontally dilate each point on the graph of y = x? by a
factor of %
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factor of %
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Horizontal Dilations

To find the graph of y = 1/%)( we horizontally dilate each point on the graph of y = /x by a

factor of 3.
y
4
y=+x

3

2 °

1 o

1 2 3 4 5 6 7 8 9 10 11 12 X
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Horizontal Dilations

To find the graph of y = 1/%)( we horizontally dilate each point on the graph of y = /x by a

factor of 3.

b
=

r
<

[
w>\<»—~

6 7 8 9 10 11 12 X

geoff.coates@uwa.edu.au Transformations of functions 24 /31



Horizontal Dilations

To find the graph of y = 1/%)( we horizontally dilate each point on the graph of y = /x by a

factor of 3.
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Reflections

A reflection is a mirror image performed about an axis.
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Reflections

A reflection is a mirror image performed about an axis.

Vertical Reflection

To reflect a function vertically (ie. use the x-axis as a mirror) we multiply the whole
function by —1.
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Reflections

A reflection is a mirror image performed about an axis.

Vertical Reflection

To reflect a function vertically (ie. use the x-axis as a mirror) we multiply the whole
function by —1.

Horizontal Reflection

To reflect a function horizontally (ie. use the y-axis as a mirror) we multiply x by —1.
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Reflections

To find the graph of y = /—x we reflect each point on the graph of y = /x
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Reflections

To find the graph of y = \/—x we reflect each point on the graph of y = \/x horizontally (ie. use

the y-axis as a mirror).

y
4
3
2 :\/;
1
—-10 -9 -8 -7 -6 -5 —4 -3 -2 -1 8 9 10
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Reflections
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Reflections

To find the graph of y = \/—x we reflect each point on the graph of y = \/x horizontally (ie. use
the y-axis as a mirror).

y

Y

geoff.coates@uwa.edu.au Transformations of functions 26 /31



Reflections

To find the graph of y = \/—x we reflect each point on the graph of y = \/x horizontally (ie. use
the y-axis as a mirror).
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Reflections

To find the graph of y = —+/x we reflect each point on the graph of y = /x
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Reflections

To find the graph of y = —/x we reflect each point on the graph of y = /x vertically (ie. use
the x-axis as a mirror).
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Reflections

To find the graph of y = —/x we reflect each point on the graph of y = /x vertically (ie. use
the x-axis as a mirror).
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Reflections

To find the graph of y = —/x we reflect each point on the graph of y = /x vertically (ie. use
the x-axis as a mirror).

y
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General Transformations

So, there are six types of transformation we can perform on a basic function.
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General Transformations

So, there are six types of transformation we can perform on a basic function. The algebraic form
of a general transformation for each of our three basic functions looks like:
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General Transformations

So, there are six types of transformation we can perform on a basic function. The algebraic form
of a general transformation for each of our three basic functions looks like:

Parabolas: y = fa(+bx +£c)? +d

Square roots: y = f+av/+bx+tc+d
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General Transformations

So, there are six types of transformation we can perform on a basic function. The algebraic form
of a general transformation for each of our three basic functions looks like:

Parabolas: y = fa(+bx +£c)? +d

Square roots: y = f+av/+bx+tc+d

Reci Is: =+—+d
eciprocals: y Thefc
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General Transformations

You need to read a transformation in this order:

1. Horizontal Translation
2. Horizontal Dilation

2. Reflection about y-axis

3. Reflection about x-axis
3. Vertical Dilation

4. Vertical Translation
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General Transformations

You need to read a transformation in this order:

1. Horizontal Translation
2. Horizontal Dilation

2. Reflection about y-axis

3. Reflection about x-axis
3. Vertical Dilation

4. Vertical Translation

(In short, horizontal transformations first with translation first, then reverse the order for vertical
transformations.)
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General Transformations: Example

Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.

1. Horizontal Translation

2. Horizontal Dilation

e N S N

2. Reflection about y-axis. /
—8—7—6—5—4—3—2—11 1 2 3 4 5 6 7 8 X

3. Reflection about x-axis. -2 /
3. Vertical Dilation —al

4. Vertical Translation —¢
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General Transformations: Example

Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.

1. Horizontal Translation 2 units left.
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General Transformations: Example

Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.
1. Horizontal Translation 2 units left. 21
3 -7 R ~
2. Horizontal Dilation L .
’
. _ 1 /
2. Reflection about y-axis. /
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General Transformations: Example

Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.

1. Horizontal Translation 2 units left. 21
3 -7 S ~
2. Horizontal Dilation by a factor of 3. L N
1 2
/
2. Reflection about y-axis. /
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General Transformations: Example

Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.

y
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. _ 1 J
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General Transformations: Example

Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.

y
1. Horizontal Translation 2 units left. Iy 4
2. Horizontal Dilation by a factor of 3. e ERRRN .
. _ 1 J
2. Reflection about y-axis. Yes. S~ /

—8—7—6—5—4—3—2—11 1 /2 3 4 5 6 7 8 X

3. Reflection about x-axis. -2 /
3. Vertical Dilation —al
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General Transformations: Example

Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.

1. Horizontal Translation 2 units left.
2. Horizontal Dilation by a factor of 3.

2. Reflection about y-axis. Yes.

~8 -7 —6—5—4—-3-2—1

3. Reflection about x-axis. -2 /
3. Vertical Dilation —al

4. Vertical Translation —¢
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General Transformations: Example

Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.

1. Horizontal Translation 2 units left.
2. Horizontal Dilation by a factor of 3.

2. Reflection about y-axis. Yes.

~8 -7 -6 —5—4—-3-2—1

3. Reflection about x-axis. Yes. -2 /
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General Transformations: Example

Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.

1. Horizontal Translation 2 units left.
2. Horizontal Dilation by a factor of 3.

2. Reflection about y-axis. Yes.

3. Reflection about x-axis. Yes.

3. Vertical Dilation

4. Vertical Translation
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General Transformations: Example

Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.

1. Horizontal Translation 2 units left.
2. Horizontal Dilation by a factor of 3.

2. Reflection about y-axis. Yes.

3. Reflection about x-axis. Yes.
3. Vertical Dilation by a factor of 2.

4. Vertical Translation
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General Transformations: Example

Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.

1. Horizontal Translation 2 units left.
2. Horizontal Dilation by a factor of 3.

2. Reflection about y-axis. Yes.

3. Reflection about x-axis. Yes.
3. Vertical Dilation by a factor of 2.

4. Vertical Translation up 3 units.
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General Transformations: Example

Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.

1. Horizontal Translation 2 units left. 24
2. Horizontal Dilation by a factor of 3.

2. Reflection about y-axis. Yes.

87 -6-5-4-3-2-1| 1 3 5 GNX

3. Reflection about x-axis. Yes. -2
-3
3. Vertical Dilation by a factor of 2. —4

4. Vertical Translation up 3 units. _
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Let's apply these transformations to y = x? and see if we get the graph for our original example:

y="f(x)= —2(—%x+2)2+3.

1. Horizontal Translation 2 units left. 24
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Using STUDYSmarter Resources

This resource was developed for UWA students by the STUDY Smarter team for the numeracy
program. When using our resources, please retain them in their original form with both the
STUDY Smarter heading and the UWA crest.

THE UNIVERSITY OF
WESTERN AUSTRALIA
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